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Abstract
In this paper we construct Darboux transformations for the supersymmetric Two-boson
equation. Two Darboux transformations and associated Ba¨cklund transformations are pre-
sented. For one of them, we also obtain the corresponding the nonlinear superposition
formula.
Keywords: Darboux transformation, Ba¨cklund transformation, nonlinear superposition for-
mula, supersymmetric integrable systems.
1 Introduction
Broer-Kaup (BK) system or classical Boussinesq equation
ut = (2h+ u
2 − ux)x, ht = (2uh+ hx)x, (1)
is a very important integrable system. The system was introduced by Kaup when he was
extending the newly established method of inverse scattering transform and studing an energy-
dependent Scho¨rdinger spectral problem [1]. Kaup further showed that the BK system may
be derived from the water-wave equations if one more order of nonlinearity is included in the
derivation of the Boussinesq equation [3]. Independently, Broer obtained the BK system as
the equation approximating Boussinesq type equations [2]. As a typical integrable system, BK
system has been studied extensively and a large number of results have been accumulated. From
the viewpoint of solutions, BK system possesses various types of solutions such as the standard
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solitons [3][4], rational solutions [5][6] and fission-fusion solutions [7][8]. From the algebraic
viewpoint, Kupershmidt, coined it as a dispersive water wave equation, showed that it is a tri-
Hamiltonian system, namely it has three local Hamiltonian structures which are compatible [9].
Leo et al, within the framework of prolongation theory, worked out its Ba¨cklund transformation
[24] and the related nonlinear superposition formula is derived by Gordoa and Conde [25]. The
constructions of Darboux transformations for BK system were considered by Leble and Ustinov
[11] and Li et al [10]. Besides, we mention that BK system also plays a role in the matrix models
as explained in [12][13] and thus the name two-boson system.
A supersymmetric extension of BK system, named as supersymmetric two-boson system,
was constructed by Brunelli and Das [14]. It reads as
αt = 2βx + 2α
′αx − αxx, βt = (2α′β + βx)x, (2)
where α and β are fermionic or Grassmann odd variables depending on super-spatial variables
(x, θ) and temporal variable t. D = ∂θ + θ∂x is the usual super derivative and for a given
function f , f ′ = (Df). Brunelli and Das further demonstrated that the supersymmetric two-
boson system is a bi-Hamiltonian system and closely associated with other known integrable
systems [15]. With Yang, one of the authors succeeded in converting the supersymmetric two-
boson system into Hirota form [16]. Recently, by means of super-Bell polynomials, Fan obtained
the bilinear Ba¨cklund transformation for it [18]. Very recently, Xue and one of the authors
examined Fan’s Ba¨cklund transformation and worked out its related nonlinear superposition
formula [19].
The purpose of this paper is to construct Darboux transformations for the supersymmetric
two-boson system. In general, Darboux transformations have been playing vital roles in the
study of integrable systems [20]. In particular, a DT may provide a convenient tool to construct
particular solutions of a (integrable) nonlinear differential equation. To the best of our knowl-
edge, any form of Darboux transformations for the system (2) has not been constructed. We
also notice that the Darboux transformations and nonlinear superposition formulae are valid
for the N = 2, a = 4 SUSY KdV equation [21, 22], since it shares the same hierarchy with the
SUSY Two-Boson equation [17][23].
The paper is organised as follows. Next section, we will construct two Darboux transforma-
tions and the associated Ba¨cklund transformations for the supersymmetric two-boson system
(2). We will also demonstrate the relationship bewtween our Darboux transformations and
those for classical Boussinesq equation found in [10]. In Section 3, we will build the nonlinear
supersymmetric formula for one of the Ba¨cklund transformations obtained in Section 2.
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2 Darboux-Ba¨cklund transformation
It is known that (2) possesses the following spectral problem
Lψ = λψ, ψt = Pψ, (3)
where
L = ∂x − α′ +D−1β, P = −∂2x + 2α′∂x + 2βD.
The spectral problem (3) may be reformulated as matrix form. To this end, we introduce the
new variable as Ψ = (ψ, (D−1βψ), ψ′)T, and obtain
Ψ′ = UΨ, U =

0 0 1
β 0 0
λ+ α′ −1 0
 (4)
and
Ψt = VΨ, V = −

λ2 + α′x − α′2 − β′ α′ − λ −β
(λ− α′)β′ − β′x + βαx −β′ (α′ − λ)β + βx
(αx − β)x − 2α′(αx − β) αx − β λ2 + α′x − α′2 − 2β′
 . (5)
To construct a Darboux transformation for (4)(5), we assume that there exists a gauge trans-
formation
Ψ˜ ≡ WΨ (6)
such that Ψ˜ solves
Ψ˜′ = U˜Ψ˜, Ψ˜t = V˜Ψ˜, (7)
where U˜ , V˜ are the matrices U ,V but with α, β replaced by the new field variables α˜, β˜. To be
qualified as a Darboux transformation, the matrix W has to satisfy
W ′ +W†U − U˜W = 0, Wt +WV − V˜W = 0. (8)
It is remarked that to be consistent the gauge matrixW has to be structured as

even even odd
even even odd
odd odd even
.
Also for a super matrix A = (aij)m×n, we define A† = (a
†
ij)m×n, and a
†
ij = (−1)p(aij)aij , with
p(aij) denoting the parity of entry aij .
To achieve a meaningful result, we make the simplest ansatzW = λM+N , M = (mij)3×3, N =
(nij)3×3. It follows from the first equation of (8) that the matrices M and N should take the
following forms:
M =

m11 0 0
0 m22 0
m31 0 m11
 , N =

n11 m22 −m11 m′11 −m31
n21 n22 m22β −m11β˜
n31 −m31 n33
 ,
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where the entries are determined by the following equations
m′22 = 0, (9)
n′22 +m22(β − β˜) = 0, (10)
n11 − n33 −m′31 +m11,x = 0, (11)
n33 − n11 +m′31 +m11
(
α′ − α˜′) = 0, (12)
n22 − n33 −m′31 − (m22 −m11)α˜′ = 0, (13)
n21 + (m22β −m11β˜)′ − β˜(m′11 −m31) = 0, (14)
n31 − n′11 − (m22 −m11)β + (m′11 −m31)α′ = 0, (15)
n′33 − n31 − (m′11 −m31)α˜′ +m22β −m11β˜ = 0, (16)
n′31 + n21 + n33α
′ − n11α˜′ +m31β = 0, (17)
n′21 + n22β − n11β˜ − (m22β −m11β˜)α′ = 0. (18)
It follows from (9) that m22 is a constant. Without loss of generality, one may consider m22 = 0
or m22 = 1 . Also, (12) (11) yield
m11,x +m11(α
′ − α˜′) = 0. (19)
Now, we consider the following cases:
Case I: We assume m11 = 0, m22 = 1 and replace n11 by −r, for simplicity. Then the
equations (12)-(15) lead to
n33 = −r −m′31, n21 = −β′ − β˜m31,
n22 = −r + α˜′, n31 = −r′ + β +m31α′.
Above equations together (16) produce
m31(α˜
′ − α′)−m31,x = 0,
which holds if we choose m31 = 0. Now (17) gives
rx = r(α˜− α)′.
Next supposing r 6= 0, integrating above equation once, and setting the integral constant to be
zero, without loss of generality, one has
α˜ = α+ (ln r)′. (20)
Then (10) supplies us with
β˜ = β + αx − r′ + (ln r)′x.
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Finally, (18) gives the equation
αx − (β/r)x − r′ + (ln r)′x = 0.
which may be integrated once and yields
rx = r
2 − λ1r − rα′ + r(β/r)′. (21)
where λ1 is an integral constant. Above equation constitutes a (spatial part) BT for the SUSY
Two-Boson equation. The associated temporal part of BT may be obtained as follows
rt = (rx + 2rα
′ − r2)x. (22)
To sum up, Darboux transformation for the field variables reads as
α˜ = α+ (ln r)′, β˜ = β + (β/r)x , (23)
and Darboux transformation for the eigenfunctions reads as
Ψ˜ =WIΨ, WI =

−r 1 0
−β′ λ− λ1 + (β/r)′ β
β − r′ 0 −r
 , (24)
together with (21)-(22), which define the Ba¨cklund transformations for the field variables.
Remark 1: On the level of eigenfunctions, the Darboux transformation in scaler form is easily
found to be:
ψ˜ = D−1(βψ)− rψ.
Case II: As we know that the inverse of a Darboux matrix is also a Darboux matrix, thus
we may construct the second Darboux tranformation from the case I. In fact, we consider the
following replacement:
(λ1, α, β, α˜, β˜, r)→ (λ2, α˜, β˜, α, β, s),
then it follows from (21) and (23) that
sx =s
2 − λ2s− sα˜′ + s(β˜′/s)′, (25)
α˜ =α− (ln s)′, (26)
β˜ =β −
(
β˜/s
)
x
. (27)
Substituting (26) into (25), one has
(β˜/s)′ = α′ + λ2 − s. (28)
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From above equation together with (27), one obtains
β˜ = β − αx + s′ (29)
and
sx = s(λ2 + α
′)− s2 + s
(
s−1(αx − β)
)′
. (30)
Thus (26) and (29) are the Darboux transformation for the field variables, (30) serves as the
spatial part of Ba¨cklund transformation. By direct calculation, we find the temporal part of BT
as follows
st = −sxx − (s2 − 2sα′)x.
Now we construct the corresponding Darboux matrix. Considering the matrix (λ−λ1)W−1I ,
replacing λ1, β, r by λ2, β˜, s, together with (28) and (29), one obtains the second Darboux
transformation for the wave function
Ψ˜ =WIIΨ, WII = −1
s

λ− s+ α′ −1 (ζ − s′)/s
−s2 + s(λ2 + α′) −s ζ − s′
ζ − (λ+ α′)ζ/s ζ/s λ− λ2 − s′ζ/s2
 ,
where
αx − β = ζ.
Remark 1: Up to a simple change of variables, the BT in the Case II coincides with the one
appeared in the framework of super-Bell polynomials (see [18] or [19]).
Remark 2: One may rewrite the transformation as a scaler form:
ψ˜ = ψ − s−1ψx + s−2(s′ − αx + β)ψ′
So far, we have constructed two different Darboux transformations for (4) and the related
Ba¨cklund transformations for the supersymmetric two-boson system. As usual, it is interesting
to work out the Darboux matrices in more explicit forms, namely, to represent the entries of
Darboux matrices in terms of the solutions of the linear spectral system or its adjoint.
In Case I, a direct calculation shows that the Berezian or super-determinant ofWI reads as
Ber(WI) = λ− λ1,
thus take a particular solution Ψ1 = (f1, g1, σ1)
T of the spectral problem (4) at λ = λ1. Here,
f1 and g1 are bosonic, σ1 is fermionic. Imposing WIΨ1|λ=λ1 = 0, we have
r = g1/f1.
In this way, the deserved explicit form of the Darboux matrix WI is found.
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For the Case II, we need the adjoint linear problem of (4), which is given by
− (χ†)′ = χU . (31)
Now since each Darboux transformation for the linear spectral problem induces a Darboux
transformation for the adjoint linear spectral problem, we have
χ˜ = χT
with
T = (λ− λ2)(W−1II )†
=

−s 1 0
s2 − s(λ2 + α′) + s′s−1ζ λ− s+ α′ ζ − s′
ζ 0 −s
 .
Note that
Ber(T ) = λ− λ2.
Thus, we take a particular solution χ2 = (g2, f2, σ2) of (31) at λ = λ2, where f2 and g2 are
bosonic, σ2 is fermionic. By imposing χ2T |λ=λ2 = 0, we obtain
s = λ2 + α
′ + g2/f2.
With this result, the explicit form of Darboux matrix WII is achieved.
As a final part of the section, we relate our Darboux transformations to those for the classical
Boussinesq equation obtained in [10]. Then letting α = ξ+ θu and β = η+ θh, from (4) we find
we easily obtain the bosonic limit
ϕx = U1ϕ, U1 =
(
λ+ u −1
h 0
)
. (32)
From (5), we have
ϕt = V1ϕ, V1 = −
(
λ2 − u2 − h+ ux u− λ
λh− uh− hx −h
)
. (33)
The compatibility of (32) and (33) gives (1). By taking the gauge transformation
ϕ = Gφ, G = g
(
1 0
0 −1
)
,
where g satisfies the following equation
gx =
1
2
(λ+ u)g,
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the spectral problem (32) becomes
φx = Mφ, M =
(
(u− λ)/2 1
−h −(u+ λ)/2
)
which is essentially the one considered in [10] (cf. (4) of [10]). The bosonic limit of the Darboux
matrix WI reads as
W1 =
(
−a 1
−h λ− λ1 + ha
)
with
u˜ = u+ (ln a)x, h˜ = h+ (h/a)x,
where a is defined by
ax = a
2 − λ1a− au+ h.
Then, direct calculation shows that the Darboux transformation
φ˜ = Tφ, T = G˜−1W1G = d
(
−a −1
h λ− λ1 + ha
)
, ad2 = −1
which is depicted by
ϕ
W1

φ
Goo
T

ϕ˜
G˜−1
// φ˜
is exactly the Darboux transformation described by the Proposition 2 of [10].
Similarly, it can be shown that the bosonic limit of our Darboux transformation presented
in Case III relates to the Darboux transformation presented by Proposition 1 of [10].
3 Nonlinear Superposition Formula
For a given a Ba¨cklund transformation, it is interesting to find the corresponding nonlinear
superposition formula. For the Case II of the last section, such formula has been worked out
already in [19]. In this section, we consider the nonlinear superposition formula for the Ba¨cklund
transformation given in the Case I. Thus, we start with a solution (α, β) of (2) and take two
solutions Ψ1 = (f1, g1, σ1)
T and Ψ2 = (f2, g2, σ2)
T corresponding to arbitrary constants λ1 and
λ2. Then we consider two Darboux transformations
Ψ[k] = WkΨ, Wk ≡ WII |λ=λk =

−rk 1 0
−β′ λ− rk + α′ + rk,xrk β
β − r′k 0 −rk
 , (34)
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and
α[k] = α+ (ln rk)
′, β[k] = β + (
β
rk
)x, rk =
gk
fk
.
Then from the compatibility of the two equations, or the Bianchi identity
(α[1], β[1]; Ψ[1])
λ2
++
(α, β; Ψ)
λ1
55
λ2 ))
(α[12], β[12]; Ψ[12]) = (α[21], β[21]; Ψ[21])
(α[2], β[2]; Ψ[2])
λ1
33
we have
W2[1]W1 =W1[1]W2,
where
W1[1] =W1|α=α[2],β=β[2],r1=r21 , W2[1] =W2|α=α[1],β=β[1],r2=r12 ,
α[21] = α[2] + (ln r21)
′, α[12] = α[1] + (ln r12)′,
β[21] = β[2] + (
β[2]
r21
)x, β[12] = β[1] + (
β[1]
r12
)x.
From α[12] = α[21], β[12] = β[21],Ψ[12] = Ψ[21], we can get
α[12] = α+ (ln r1r12)
′, β[12] = β +
(
β
r1
+
β + ( βr1 )x
r12
)
x
,
where
r12 =
(λ2 − λ1)r2
r2 − r1 +
β′
r1
+
βr2
r2 − r1
(
r′1
r21
− r
′
2
r22
)
.
As a final remark, we notice that our results an Darboux transformations and nonlinear
superposition formulae are valid for the N = 2, a = 4 SUSY KdV equation [21, 22] , since it
shares the same hierarchy with the SUSY Two-Boson equation [17][23].
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